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Abstract

We construct representations of a g-oscillator algebra by operators on Fock
space on positive matrices. They emerge from a multiresolution scaling
construction used in wavelet analysis. The representations of the Cuntz algebra
arising from this multiresolution analysis are contained as a special case in the
Fock space construction.

PACS numbers: 02.30.Gp, 02.20.—a, 02.30.Tb

In this paper we establish a connection between multiresolution wavelet analysis on one hand
and representation theory for operator on Hilbert spaces depending on a real parameter on
the other. These operators arise from a multiresolution wavelet analysis based on Bessel
functions. We wish to develop a framework for the study of creation operators on Hilbert
space, satisfying simple identities, and allowing a Hopf algebra structure. Examples will
include oscillator algebras coming from physical models.

In the first section of the paper, we review the background and the motivation for the
study of the g-relations, both as it relates to problems in mathematics and in physics. On the
mathematical side, the problems concern wavelet analysis and transform theory, especially
the Mellin transform, and on the physics side, they relate to the quon gas of statistical
mechanics. For the construction of the representations, we then turn to the twisted Fock space
and the g-oscillator algebra. Our approach is motivated by wavelet analysis, and it uses a
certain loop group. Our main result is theorem 6.

1. Introduction

Some of the results from the papers [2, 3, 6] are based on an operator-theoretic approach to
wavelet theory involving representing wavelets in terms of operators in an infinite-dimensional
Hilbert space.

In this paper we introduce an analogous operator approach in a study of a generalized
biorthogonal wavelet, leading to the construction of oscillator algebras, and more generally

0305-4470/03/236483+12$30.00  © 2003 IOP Publishing Ltd Printed in the UK 6483


http://stacks.iop.org/ja/36/6483

6484 P E T Jorgensen and A Paolucci

Hopf algebras. In [7] a related class of representations of the Cuntz algebra Oy have been
found depending on a parameter g.

We shall distinguish between two aspects of the study of the g-relations: (i) the
C*-algebra on these relations, and (ii) finding the representations of them. While the paper [8]
by Jorgensen et al covered (i), we shall concentrate here on (ii). This is a difficult problem: as
noted in [8], the C*-algebra 2(q) on the g-relations is infinite, and its equivalence classes of
irreducible representations do not admit a Borel cross section for its classification parameters.
In [8], the authors showed that there is a stability interval J in the g-variable such that all the
C*-algebra U(q) for ¢ € J are isomorphic to the Cuntz algebra, see [1], and they estimated
the size of J.

The motivation for the problem (ii) comes from two sources, (a) from analysis (wavelets,
special functions and combinatorics), and (b) from physics (quantum optics, statistical
mechanics, quantum fields and anyons). We show in this paper how these problems may
perhaps be understood better via the approach of g-deformations, and via the study of concrete
mathematical settings where the representations arise naturally.

Other papers which cover representations include [1], [10] and [11]. The physics of the
g-relations is outlined in [1, 4, 12]. In particular [12] relates the g-representations to the Gibbs
paradox.

The C*-algebra Oy, called the Cuntz C*-algebra on N generators, is universal on the
relations

Sl-*Sj :(S,'jl ZS,’S?:I (1)
i=1
where 1 denotes the unit element in Oy. If my, ..., my are given functionson T = {z € C :
|z| = 1}, then the operator system

(Si f)(z) = mi(2) f V) f e L*(T) zeT i=1,...,N

satisfies the Cuntz relations (1) if and only if the functions are frequency subband filters for
the wavelet multiresolution construction [9]. Then m is called the low-pass filter, and the
others filters of the higher frequency bands.

The conditions on the functions may be stated in either one of the following two equivalent
forms (a) or (b): Let py = e27/V,

(a) The N x N matrix

1
M@ = —=(m;(p52)) 1y

NE

is unitary forallz € T, i.e.,
M@)*M(z) = Iy zeT.
(b) The N x N matrix A(z) = (A, (z)) given by

1
Aj,k(z)zﬁ E mj(w)w’k
weT
wNG:z

is unitary forallz € T, i.e.,
A@)*AQR) = Iy zeT.

To complete the picture of multiresolution analysis depending on a parameter we include
here the case of the construction of a different multiresolution via the Mellin transform. We
develop a finite-scale multiresolution analysis via Mellin transforms giving rise to wavelets
depending on a parameter ¢, 0 < g < 1.
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2. Mellin transforms

Let us first recall some facts about Mellin transforms. The Mellin transform of a function
f(x) is given by

M(f();5) = / T e d,
0
The inverse transform gives
f(x) =M (F(s); x)
where we set M (f(x);s) = F(s).

The behaviour of the Mellin transform under various coordinate transforms in x space is
given by

M(f(ax);s) =a*M(f(x);s)
_ s
M(f(:s) =a™ M (f00): 2)
M f(x);s) =M(f(x);s+a)
as can be easily checked.
Let us give some preliminaries on standard multiresolution wavelet analysis of scale N.
Define scaling by N on L?(R) by
U@E)(x) =&§WN""x)
and translation by 1 by

TE)(x) =&x—1).
A scaling function is a function ¢ € L*(R) such that if V; is the closed linear span of all
translated T*¢, k € Z, then ¢ has the following properties:

(a) {T*¢ : k € Z} is an orthonormal set in Vj,
(b) Ug € Vo,

(©) Npez U"Vo = {0},

(D V,ez U"Vo = L*(R),

where the symbol \/ means ‘closed linear span’, and /\ ‘intersection of subspaces’. We shall
further use the notation U; := U/V;, j € Z. The system a.—d. is called a multiresolution
analysis (MRA).

We then have the following result

Theorem 1. Let & € L>(R) be the Haar function, 0 < g < 1, g € R. There exists a sequence
of subspaces U;, j € Z, such that

. UjCUj C---CUyCU_, C-- )

giving a multiresolution satisfying the above properties.

Proof. To show that the system in (2) is a multi-resolution, we need to establish a scaling
operator which moves in steps of one through the ladder of resolution spaces U;; we must
identify the Hilbert space 7; and finally we must show that \/; U; = M, and /\; U; = {0}
where \/ and /\ are the usual lattice operations in Hilbert space.

Let ® € L%*(R) be the Haar function, 0 < qg < 1, x € R. We want to prove that
there exists a sequence of subspaces U; giving rise to a multiresolution satisfying the above
properties. Define

Vo= \/{®(@"x) i keZ g <x<1}.
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Let U&(x) = ﬁé (x™) be the scaling operator and T&(x) = £(gx) playing the role of

the ‘translation operator’. In this case 7T is a dilation. Then the set {®(g*x) : k € Z} is
orthonormal in L2(R+), q € R, 0 < g < 1, since the intervals are disjoint for i # k, h, k € Z.
It is easy to verify that U® € V),

Ud(x) = ZakCD(q"x). (3)
k

Then A\, U"Vo = {1}. Suppose & € U™V, with £(x) = U"®(x) = 3, ax®((g“x)¥") 1.
Since any £ € L*(R,) can be approximated by step functions and R, = [ J; ,[g**DN", g*Vm],
it follows that

\/ U"Vy = L*(R,).

neZ

Hence the above properties are satisfied and the sequence V; = U/V, of subspaces V;
associated to @ defines a multiresolution. Let ® € L*(R) satisfy (3). Define the operator
Wo: L2(R) —> L?(R), called the wave operator, by

(Wo f)(x) =) a®(g“x) = Y M(f(g“x); ) (g"x). 0

keZ keZ

Lemma 2. The operator Wy satisfies
UWo = WoS “)

where S is given by

M) =Y aq™ M (f: ).
J

Proof. First, we have

1 1
(UWo )(x) = ﬁ(anf)(xN) =75 Y M@y (g V™)
keZ
1
=5 LM (Fwr ) o)
keZ
1 . )
= 5 L a M aM (10 ) @
keZ jeZ
1
=75 > [Z ar-nkg M ()3 s)} @ (g'x™).
keZ LIeZ
On the other hand
Wo(Sf)(@) =Y M((Sf)(xq"); $)®(g"x)
keZ
=Y M((S/)xg"); )P x")
keZ
=22V M () @@ xY)
keZ jeZ

=Y > g M (e %) @(q'x™).

keZ leZ
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Thus
UWgp = WoS

which is the identity (4), i.e., W¢ intertwines the operators U and S. O

Using the fact that {T*® : k € Z} is an orthonormal set in L?(R) we may define
Fo: Vo —> L*(R)

an isometry which sends

Er—ome) =) ag ™™ &) =) ad@ .
k k

Then
MEx);s) =m(s)M(P(x); s)

where M (£(x); s) is the Mellin transform.
If¢ € V_y = U 'Vythen U£ € V| so we define

me = Fo(UE) € L*(R)

and then

MUE(x); 5) = M (Z ax®((g" 0)"); s) =Y aM(@((g")"); 5)
k k
1
= Y aM @5y = Y Zag M (000 1)

k k N

Thus
NMUEY); s) = me(s)M (P (x); 5). (5)

Observe that in this case we do not have unitarity of the matrix A generated by the filters
mg. Thus we do not have representations of the Cuntz algebra. This brings out the question of
what are the natural operator relations associated to this MRA. One particular choice is given
by the oscillator algebras.

For any MRA wavelet construction as found above we construct an appropriate oscillator
algebra such that the filters make up the eigenfunctions system of the oscillator Hamiltonian,
i.e., the energy operator.

In fact the non-unitarity of the matrix given by the MRA filters provides the eigenfunctions
for the energy operator. The g-oscillator algebra is given by the operators a~, a* and the
number operator. By a standard argument it is possible to build up the following selfadjoint
operators:

V2

2
X = %(a++a) and P= T(a* —ah)

which are the momentum and the position operators. Given the above MRA there exists a
family of g-oscillators that can be represented via the filters.
Let H = m}(s) + mj(o (s)) be the energy operator. Let

a”(s)a*(s) = mo(o(s))*
and

a*(s)a=(s) = mo(s)>.
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Then it follows that the algebra is generated by a*, @™, N and the generators satisfy the
following relations:

[a”(s),a* ()] = f(N+1) = f(N) = f(N)[s],-
f(N)a=(s) =a (s) f(N = 1)

f(N)a*(s) =a*(s) f(N+1)
where f(N+1) — f(N) =), bkq’y”[s]qu.
Thus we have
[a(s), a*(s)] = mo(s)*[s],—
where [s], = % Then using MRA we can construct a family of operators {af (s), ai*(s)}
fori =1,..., N satisfying
[a; (5), @] ()] = mi(s)*[s],=.
A representation of the operators @~ (s) and a*(s) can be realized in a Fock space as
follows:

@@l = 71— Y bk Ml
k

and
+ _ 4 —(k+D)s
a*(s)lex) = T+q E brq lexs).

3. Twisted Fock space

In this section we introduce a new Fock space construction, see [6], which may provide the
appropriate framework for studying wavelet representations of certain g-oscillator algebras.

Definition 3. The full Fock space over CN where N is a fixed positive integer with N > 2, is
the orthogonal direct sum of Hilbert spaces given by

—1
K= ( Z@(CN)®—k> eC=---0C"aCHeC")aC.
k=—00

The term C in the summand on the right designates the vacuum vector (in the formula we

omit a special symbol 2 for the vacuum vector). Let {&1, ..., &N} be a fixed orthonormal
basis for CN. Then K is an infinite-dimensional Hilbert space with orthonormal basis given
by{&,,....& 1 <iy,....ix <N, k>1}U({Q}.

3.1. Construction of twisted Fock space

Let K be a Hilbert space. We take the tensor product of the full Fock space with H, then
we define a ‘new’ inner product (-, -)¢ by using a completely positive map from the complex
matrices into B(H) (i.e., a positive matrix with entries in B(H)). By following [6] we construct
the twisted Fock space as follows. Let ®: My — B(H) be the completely positive map
which we will define later. We define the N-variable pre-Fock space over K to be the vector
space of finite sums

Ty(H)={ > w®hy,:weFy.k>1h,eH
[w|<k
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where F7}, is the unital free-semigroup on N non-commuting letters {1,2, ..., N} with unit
e. We can think of the full Fock space as /*(F}) where an orthonormal basis is given by
the vectors {éw Tw € F;'v} corresponding to the words w, |w| is the word of length zero or
empty word, &, = &, ® --- ® &, w = i;---ix € F},. Then a vector (i1, ..., i{x) ® h with
w =iy ---ix € F}, corresponds to the vector &, @ --- ® &, ® h in (CNH®* @ H.

Let @ be the completely positive map ®: My —> B(H). Define a form

(v Vo:Ty(H) x Ty(H) — C
as follows. Forw, w’' € ¥}, h,h' € H

(i) (e®@h, e @h')p = (h| 1),
(ii) if [w| # |w'| then (w ® h, w' @ I')e = 0;
(iii) if w =iy iy, w' = i| -+~ i, then

wWh,w @h)e =(h|P(ei ® - @ ey ).

Extend (-, -)¢ to Ty (H) x Tx(H) as linear in the first variable and conjugate linear in the
second one. From theorem 4.5 of [6] the form (-, -) ¢ is positive semi-definite on Ty (H).

Definition 4. Let No = {x € Ty(H) : {x | x)¢o = 0} be the kernel of the form (-, -)¢. Define
the Fock space of ® over H to be the Hilbert space completion

Fy(K. ®) = Ty (H)/No .

The left creation operators T = (T, ..., Ty) on Far(H, ®) are linear transformations defined
by

T;(w®h+Ng) =({w) @+ No.

These operators are well-defined and T;(Ngo) C Ng, 1 <i < N.
Let S; be the ith creation operator on the first space defined as follows:

Siszi(nil®'~®7]ik®h)=Tli®fli1®"‘®rlik ®h

forvectors x = n;, @ - -- @ n;, ® h. Define a twisted new Fock space as

Tn(H) = Z why,:wekFy k>1,h,cH
|w|<k

as before.
We define a form

(ve:Tn(H) x Ty(H) — C
as follows. Forw,w' € Fy,,h,h' € H
(i) (e®@h, e @h')o = (h | h');
(ii) if |lw| # |w'| then (w @ h, w  h')ep = 0;
(iii) if w =iy ---ix, w =iy -- i, then
wWh,w @h)o =(h|Pleioi) ® ... ejoi)h'),
withi(o) =#{G, j) €{l,....,N}? i < j,o() > o(j)
We need the map ¢ being completely positive and then (-, -)¢ is positive semi-definite:

&)(6,' ® €j) = CD(@,' ® P;N)E‘j).
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Let us now turn to the construction of the multiresolution wavelet analysis.
Suppose we have two pairs of filters and then we have two pairs of scaling functions plus
wavelet ©, V and ®, V. They are defined by

@) =moE/N)PE/N)  W(E) =mE/N)DE/N)
OE) =roE/N)PE/N)  W(E) =i E/N)PE/N).

We want to take the direct sum of two MRA. We have the following two sequences of successive
approximation spaces U and U ;. The closed subspaces satisfy

VaocvicVoCcVo, CcV,C- ©)
with

Vvi=12©  Avi=0

Jjez jez

"'VZCVICVOCV_lcv_ZC... (7)
with

\/Vi=1*©) AV =0

Jjez jez

Formulae (6) and (7) have the additional requirements
fevVie f(N)eW feVie f(N)eW
i.e., all spaces are scaled versions of the central space Vo and Vy, respectively. For every

j € Z, define W; to be the orthogonal complement of V; in V;_; and W; the orthogonal
complement of Vj in Vj,l. We have

Vici=V; & W, Via=V,eWw,.

Also W; L Wy if j # j and Wj L W; if j # j. Define a sequence of successive
approximation spaces

Y1=V1@‘71 Y():V()@Vo Y71=V,1@V,1 Yfzzvfz@f/,g,...

suchthatif f(t,s) isinY; then f(Nt, Ns) and all f(t —k,s — k) arein Y. Define Wj to
be the orthogonal complement of V; N ‘7.1‘ inYj_y. Then

Wi=W,nvptny, =Vviieviny, .
Thus
Yi=(V,eV)=V,.ieWpe Vi eW)
=ViaeVineW,eWw)=Y, 18eW,
which implies Y; = Y;_, @ W, where we set W; = W; @ W;. Then
Wi=w;e W, = (Vi nVia)e (Vi nv)
=(VieVh)nWw, e Vi) =,nvtny, .
so that Wj is the orthogonal complement of V; N Vj inY; .

Thus L*(C?) = Dz W;. The basic point of MRA is that whenever a collection of closed
subspaces satisfies

- ChcCcYyycYycY ,cCcY,C---

\/ ¥ = LA(C?) A\ Y =10}

Jj€Z Jj€Z
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f eYjifandonlyif f(N'-) € ¥,
f € Yythen (- — k) € Yy foreveryk € Z

there exists ¢ € Yo such that {¢oy : k € Z} is an orthonormal basis in Yy where ¢ (z) =
N ¢(N~z —k).

Then there exists an orthonormal wavelet basis {r; x : j, k € Z} of L*(C?), and we may
therefore define the following isomorphism n: C> — H, where H denotes the quaternions, by
n(z1,22) = 21 + z2e2 and e; = (0,0, 1,0) € R*. Consider now the space L*(H) equipped
with the usual quaternion inner product: given the filters m; and i j we define the following
two matrix functions A and A by

1
Ai@) == Y wlmiw)

wN=z
and
Ari(2) = % Z} w ™ (w)
whN=z
respectively.
They satisfy the following biorthogonality conditions:
N-1
Z Ari(D) A (2) =6 )
k=0
and

1 S 1
v NZ mi(w)m;(w) =3§; ; v NZ mi(w) mj(w) =6 ;.
wh=z wN=z
Take B = A ® A* and B = A @ A* the matrix functions associated with the MRA’s with
filters m; and m; respectively.
It can be easily checked for N = 2 that the following equation is satisfied:

BB*+B*B =1.

Theorem 5. Let S = (So, Si,...,Sy) and S = (S0, S1,...,Sy) be a pair of wavelet
representations on H = L*(C) with invertible loop matrices A and A, respectively. Let
S = (S S) be the matrix associated with S and S and let P = S*S + SS*.

LetT = (T, D, ..., Tn_1, T1, Ts, ..., Tn_1) be the creation operator on Fen (H, P).
Then:

T Ty = (S7_;Sj-1) = (AAY), ; THTiln = (57, S;-1) = (AA%),
Y}Tj*|y + Tj*T,- |n = 0; j1 where H denotes the space L*(H).
Hence the *-algebra generated by T;, j = 1,..., N is an oscillator algebra. It has a

representation containing the Cuntz-Toeplitz isometries.

Proof. It is easy to check that the fermion algebra relations hold for the direct sum of wavelet
representations. 0
3.2. Construction of q-oscillator algebras

Let us consider the system of wavelet representations S = (So, S, ..., Sy) and S =
(So, S1, ..., Sy) depending on a real parameter g on L?*(C) with invertible loop matrices
A and A, respectively.
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Let S = (Sy, Si,....Sv)and S = (So, S1,...,Sy) bea pair of wavelet representations
on L?(C) with invertible loop matrices A and A, respectively. Let us assume that one of them,
say S = (S0, S1,..., Sn), depends on a real parameter g and the matrix A is given by

Ai@ =) (qw) " img(w)
wh=z
where the 772 are the filters of the MRA depending on a parameter g as constructed in [7].

Then A, is a unitary matrix function. The unitarity of the {(1 — qZN)mj(tqj)}i,jzomN_l is
equivalent to

Y A@Aj) =1 —g") Y i (wyin(w).
k whN=z
We assume then a generalized biorthogonality holds
Z Air(@A1(z) = (1 —g™) Z mi(w)m j(w) =4 ;1.
k wV=z

Let S be the matrix defined as above. Let P = S*S be the matrix 2N x 2N in B(H) determined
by the wavelet representations such that

\ §*S 0
SS_( 0 S*S)

Then we have the following theorem.

Theorem 6. Let S = (Sp, Si,...,Sy) and S = (S0, S1,...,Sy) be a pair of wavelet
representations on L*(C) with invertible loop matrices A and A, respectively. Let us assume
that one of them, say S = (5’0, St ..., Sy, depends on a real parameter q and the matrix A
is given by

K@ =) (quw) i (w).
whN=z
Let S be as above and let P = S*S be the matrix 2N x 2N in B(H).
Let T = (T, Ta,...,Ty-1,T1, T», ..., Tn_1) be the creation operator in Fen(H, P).
Then we have:

T'Ti|ly = (S,S;-1) = (AAY), ; THTiln = (S7,§;-1) = (AA%),
TiTJ‘*IH — Tj*TiIH =4, [N],1

Proof. As in lemma 3.5 of [6] we have
(S71Sj-1) = (AA"), ;
and similarly
(S7,8;-1) = (AA*);
For 1 <i < N, let T; be the ith creation operators on the twisted Fock space.
To find the action of 7;* on the spanning vectors we consider

(Liw®h) | Tj(w' @h") = (iweh| (juw)®h)

_ </’l Zqu(i)(D(eihi{ .. 'eik,i,’()h/>
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implying

We consider S; and §; coming from wavelet analysis.

For 1 <i < N let T; and S; be the creation operators and the operator coming from the
wavelet construction.

Then

S48 =A% =TT}
Let us describe the action of 7; T on the spanning vectors. Since
(Trw®h) [wh)=(wh|({w)N)
Thus ((7; TH(w®h) | w’ ® h') can be computed as follows:
(LTHw@h) | w @K = ((i, /) ' weh|wh)

-1 l ’ 1 /
X (pi,j Wiy ity Wiyiys + oo s Wi i) @ h|wihi{, Wiy igs oo Wi i Rh )
-N
[ =qg7) L — ! h
=\ U =g Dwi i, Wi, -, Wiig ®
(=g ’
I / / I
XL WG s Wi sy Wy ®h >

On the other side we have

(T/Ti(w®h) | w ®h') = ((w) ®h | (jw)®h)

(1 - qN) ’ ’
= <W(l — @) Wi, Wiy, .., Wi, @B wi, wlfé, W QN

thus it follows:

TI*T’ =1-q"
and

T’TI* =1-q"
Hence

TiT_,‘* - Tj*Ti =& j[N] 1.

Then the creation and annihilation operators 7; and T]f“ and N, viewed as a number

operator, yield a representation of the g-oscillator algebra. O

4. Concluding remarks

We have shown how tools from transform theory and wavelet analysis help us in the
construction of new representations of certain g-relations from statistical mechanics. The
g-relations have been studied earlier in connection with quantum fields [1] and statistical
mechanics [12]. In particular, paper [12] serves to show that the g-relations interpolate
between the bosons and the fermions. Further, in [12], the partition function is calculated for
the quons and it is established that it exhibits Gibbs’ paradox. As a result, the corresponding
notions of entropy, free energy and particle number break with our traditional understanding
of thermodynamical quantities.
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